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Abstract. In this paper, three-dimensional (3-D) scattering of obliquely incident Rayleigh waves 
by a saturated alluvial valley embedded in a layered half-space is studied in the frequency domain 
by using the indirect boundary element method. The total responses are assumed as the sum of the 
free-field responses and scattered-field responses. The free-field responses are calculated using 
the direct stiffness method and the scatter-field responses outside and inside of the valley are 
simulated by applying two sets of fictitious moving distributed loads and pore pressures on the 
interface of the valley. The amplitudes of the fictitious distributed loads and pore pressures are 
determined from the boundary conditions. The method is validated by comparing the results with 
the results published in the literature, and numerical results are obtained for a saturated valley 
embedded in a uniform saturated half-space and in a single elastic layer overlying elastic 
half-space. The effects of incident frequency, incident angle, porosity, drainage condition, and soil 
layers on the dynamic responses are discussed. It is found that 3-D scattering is different from the 
2-D case. As the porosity decreased, the pore pressures around the valley became smaller but their 
oscillations became violent. The wave fields in a layered site are determined by the “dynamic 
interaction between valley and the layered half-space” and the dispersion characteristics of 
Rayleigh waves for the given layered-half-space. 
Keywords: Alluvial valley, 3-D scattering, Rayleigh waves, Green’s function, indirect boundary 
element method, Layered half-space. 
1. Introduction 
In earthquake engineering and seismology fields, it is well-recognized that local topographies 
can generate large amplifications and spatial variations in seismic ground motion. For example, 
during the 1985 earthquake in Mexico, structures built in alluvial basin suffered heavy damage, 
whereas structures built over bedrock experienced significantly less damage. Extensive theoretical 
and experimental studies have been conducted on this subject over the past 40 years. 
In studies of alluvial valley, scattering of seismic waves can be 2-D (incident wave field with 
incident angle perpendicular to the valley) or 3-D (incident wave field at an arbitrary arrive angle 
to the valley). Followed by the pioneering work of Aki and Larner [1] and Trifunac [2], the 2-D 
valley effects on the wave fields have been studied by many authors using analytical or numerical 
methods. Analytical solutions have been restricted to simple geometries in a uniform 
half-space[3-5], and more general cases are solved using numerical methods such as the boundary 
integral equation method [6, 7], the boundary element methods [8-10], the finite difference method 
[11], and the Aki-Larner method [12]. Based on the Biot’s theory of elastic waves propagating in 
a fluid-saturated poroelastic medium [13-15], the 2-D scattering by a valley in a uniform saturated 
half-space has also been treated using the analytical and the boundary integral equation method 
[16-18]. 
Compared to the 2-D scattering, studies on the 3-D responses of an alluvial valley are relatively 
less. Pedersen et al. [19] presented the indirect boundary element method with full space Green’s 
functions to obtain the 3-D scattering of 2-D topographies in a uniform half-space. Barros and 
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Luco [20] used an indirect boundary integral method based on moving Green’s functions for a 
layered half-space to study the responses of a valley for obliquely incident P, SV, and SH waves. 
Liang et al. [21] studied the 3-D responses of a circular-arc alluvial valley in a uniform half-space 
using the wave function expansion method. However, studies on the 3-D scattering by a 2-D 
saturated valley in a uniform or layered saturated half-space have not been reported in the literature. 
Based on the dynamic-stiffness matrices and Green’s functions of distributed loads acting on 
inclined lines in layered half-space, a special indirect boundary element method was first proposed 
by Wolf [22]. The advantage of this method is its efficiency in computation and flexibility for 
complex boundary configurations, and the method has been extended to the 2-D poroelastic case 
by Liang and You [23] and Liang et al. [24] and then to the 3-D seismic responses of 2-D 
topographies in an elastic layered half-space by Ba and Liang [25]. However, the above methods 
cannot be directly applied to a 3-D wave scattering problem by 2-D saturated alluvial valley in a 
fluid-saturated layered half-space, and addressing this problem can be of great significance. 
In this article, an indirect boundary element method (IBEM) is presented to study the 3-D 
scattering of obliquely incident Rayleigh waves by a saturated alluvial valley. This was performed 
by deriving the 3-D dynamic-stiffness matrices, moving Green’s functions of distributed loads, 
and pore pressures acting on inclined lines in a fluid-saturated layered half-space. The accuracy 
of the method is verified by comparison with related results, and the effects of incident frequency, 
incident angle, porosity, drainage condition, and soil layers on the dynamic responses are 
discussed in this paper. 
2. Model 
The model considered in this paper is an infinitely long saturated alluvial valley embedded in 
a layered half-space with its axis along the ݕ-axis (Fig. 1(a)). The layered half-space is composed 
of horizontal saturated layers and an underlying saturated half-space. The seismic excitation is 
expressed by Rayleigh waves with an arbitrary incident angle ߰  with respect to the ݕ  axis 
(Fig. 1(b)). Even though the model of the valley is 2-D, the responses are 3-D for obliquely 
incident wave fields. 
a) 
 
b) 
Fig. 1. Model of 3-D scattering by two-dimensional valley 
The 3-D responses of the 2-D valley have a unique feature with the wave fields at two different 
cross sections of the valley being identical but with a shift in phase in the frequency domain. This 
allows only one cross section of the valley be used for calculation to obtain the whole 3-D dynamic 
responses, while wave fields at other sections can be obtained by phase offset. In this paper, only 
the interface of the valley is discretized into inclined straight lines for half-space Green’s functions 
are used in the proposed IBEM. The total responses are assumed to be the sum of the free-field 
and scattered-field responses. Firstly, the free-field responses are calculated to determine the 
displacements and stresses at the interface of the valley, and then one set of fictitious distributed 
loads and pore pressures moving parallel to the ݕ- axis are applied at the line elements (interface 
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of the valley) to represent the scattered wave field outside of the valley (scattered wave field in 
the layered half-space), and another set of distributed loads and pore pressures on the same line 
elements to represent the scattered wave field inside of the valley (Fig. 2). The amplitudes of the 
two sets of fictitious moving distributed loads and pore pressures can be determined by the 
boundary conditions at the interface of the valley, and finally, the dynamic responses arising from 
the waves in the free-field and from the fictitious moving distributed loads and pore pressures are 
summed to obtain the total responses. 
 
Fig. 2. Discretization of the interface of the alluvial valley 
2.1. Biot’s theory 
The equations of motion of a poroelastic medium [13-15] can be expressed as: 
ܩ׏ଶ܃ + (ߣ௖ + ܩ)grad(div܃) + ߙܯgrad(div܃) = ߩ܃ሷ + ߩ௙ܟሷ ,
ߙܯgrad(div܃) + ܯgrad(divܟ) = ߩ௙܃ሷ + ݉ܟሷ + ܾܟሶ , (1)
where, ܃ and ܟ are displacement vectors of the solid frame and of the pore fluid with respect to 
the solid frame, respectively; ܟ = ݊(܅ − ܃); ܅ is the displacements vector of the pore fluid; 
ߩ = (1 − ݊)ߩ௦ + ݊ߩ௙  represents the total density; ߩ௦ is solid grain’s density; ߩ௙  is pore fluid’s 
density; ݊ is porosity; ܾ is a parameter that accounts for internal friction due to relative motion 
between the solid frame and the pore fluid; ݉ = ߩଶଶ/݊ଶ = (݊ߩ௙ + ߩ௔)/݊ଶ  represents a 
density-like parameter; ߩ௔ is the couple density between the solid grain and the pore fluid; ܩ and 
ߣ are Lame’s constants of the solid frame, ߣ௖ = ߣ + ߙଶܯ; ߙ and ܯ are Biot’s parameters, which 
account for compressibility of the two phase material. 
To solve the Biot’s governing equations in Cartesian coordinate system, two kinds of Fourier 
transformation are involved: one with respect to time and frequency, and the other with respect to 
the two horizontal coordinates and wave numbers. In this paper, the Fourier transformations for 
the two horizontal coordinates and time are defined as follows: 
ܨ൫݇௫, ݇௬, ݖ, ߱൯=
1
(2ߨ)ଷ න න න ݂(ݔ, ݕ, ݖ, ݐ)݁
௜௞ೣ௫ା௜௞೤௬ି௜ఠ௧݀ݔ݀ݕ݀ݐ
ஶ
ିஶ
ஶ
ିஶ
ஶ
ିஶ
,
݂(ݔ, ݕ, ݖ, ݐ)= න න න ܨ൫݇௫, ݇௬, ݖ, ߱൯
ஶ
ିஶ
݁௜ఠ௧ି௜௞ೣ௫ି௜௞೤௬݀݇௫݀݇௬
ஶ
ିஶ
ஶ
ିஶ
݀߱,
(2)
where ݔ, ݕ and ݐ denote the two horizontal coordinates and time, while ݇௫, ݇௬ and ߱ represent 
the two horizontal wave numbers and frequency. Performing the Fourier transform on Eq. (1) and 
solving the resulting ordinary differential equations, the displacement amplitudes of the solid 
frame and of the pore fluid with respect to the solid frame in the frequency and wave number 
domain can be written as: 
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ܷ௫ = ݇௫ሾܽଵ(ܣ௉ଵ݁௜௞ುభ೥௭ + ܤ௉ଵ݁ି௜௞ುభ೥௭) + ܽଶ(ܣ௉ଶ݁௜௞ುమ೥௭ + ܤ௉ଶ݁ି௜௞ುమ೥௭)ሿ
      −݇ௌ௭݇௫ߚ(ܣௌ௏݁௜௞ೄ೥௭ − ܤௌ௏݁ି௜௞ೄ೥௭) − ݇௬ߚ(ܣௌு݁௜௞ೄ೥௭ + ܤௌு݁ି௜௞ೄ೥௭),
ܷ௬ = ݇௬ሾܽଵ(ܣ௉ଵ݁௜௞ುభ೥௭ + ܤ௉ଵ݁ି௜௞ುభ೥௭) + ܽଶ(ܣ௉ଶ݁௜௞ುమ೥௭ + ܤ௉ଶ݁௜௞ುమ೥௭)ሿ 
      −݇ௌ௭݇௬ߚ(ܣௌ௏݁௜௞ೄ೥௭ − ܤௌ௏݁ି௜௞ೄ೥௭) + ݇௫ߚ(ܣௌு݁௜௞ೄ೥௭ + ܣௌு݁ି௜௞ೄ೥௭), 
௭ܷ = ݇௉ଵ௭ܽଵ(ܣ௉ଵ݁௜௞ುభ೥௭ − ܤ௉ଵ݁ି௜௞ುభ೥௭) + ݇௉ଶ௭ܽଶ(ܣ௉ଶ݁௜௞ುమ೥௭ − ܤ௉ଶ݁ି௜௞ುమ೥௭) 
      − (ܣௌ௏݁
௜௞ೄ೥௭ + ܤௌ௏݁ି௜௞ೄ೥௭)
ߚ , 
ݓ௭ = ݇௉ଵ௭ܽଵܦଵ(ܣ௉ଵ݁௜௞ುభ೥௭ − ܤ௉ଵ݁ି௜௞ುభ೥௭) + ݇௉ଶ௭ܽଶܦଶ(ܣ௉ଶ݁௜௞ುమ೥௭ − ܤ௉ଶ݁ି௜௞ುమ೥௭) 
      − ܦଷ(ܣௌ௏݁
௜௞ೄ೥௭ + ܤௌ௏݁ି௜௞ೄ೥௭)
ߚ .
(3)
where: 
݇௉௜௭ = ට݇௫ଶ + ݇௬ଶ − ݇௣௜ଶ , ݅ = 1, 2, ݇ௌ௭ = ට݇௫ଶ + ݇௬ଶ − ݇௦ଶ, ܽଵ =
1
݇௉ଵ , ܽଶ =
1
݇௉ଶ, 
ߚ = 1ඥ݇௫ଶ + ݇௬ଶ
,   ܦ௜ =
(ߣ௖ + 2ߤ − ߩ ௉ܸ௜ଶ )
(ߩ ௉ܸ௜ଶ − ߙܯ)
, ݅ = 1, 2, ܦଷ =
ߩ௙߱ଶ
(ܾ݅߱ − ݉߱ଶ),
and ܣ௉ଵ , ܤ௉ଵ , ܣ௉ଶ , ܤ௉ଶ , ܣௌ௏ , ܤௌ௏ , ܣௌு  and ܤௌு  are the amplitudes of the up-going and 
down-going ܲ1, ܲ2, ܸܵ and ܵܪ waves, respectively, and ݇௉ଵ, ݇௉ଶ and ݇ௌ are the wave numbers 
associated with the ܲ1, ܲ2 and ܵ waves, which are determined by Eq. (4): 
݇௉ଵଶ =
ቀߚଵ + ඥߚଵଶ − 4ߚଶቁ
2 , ݇௉ଶ
ଶ =
ቀߚଵ − ඥߚଵଶ − 4ߚଶቁ
2 , ݇ௌ
ଶ = ൫ߩ௙ܦଷ + ߩ൯߱
ଶ
ߤ ,
(4)
where: 
ߚଵ =
ൣ(݉߱ଶ − ܾ݅߱)(ߣ௖ + 2ߤ) + ߩ߱ଶܯ − 2ߙ߱ଶܯߩ௙൧
ሾܯ(ߣ + 2ߤ)ሿ ,
ߚଶ =
ൣ(݉߱ଶ − ܾ݅߱)ߩ߱ଶ − ߩ௙ଶ߱ସ൧
ሾܯ(ߣ + 2ߤ)ሿ .
(5)
2.2. 3-D stiffness matrix of saturated, layered half-space and solutions of the free field 
responses 
The constitutive equations for a poroelastic medium have the following form [13-15]: 
ߪ௜௝ = ߣ݁ߜ௜௝ + ߤ൫ ௜ܷ,௝ + ௝ܷ,௜൯ − ߙߜ௜௝݌௙, ݌௙ = −ߙܯ݁ + ܯߠ, (6)
where ߜ௜௝  is the Dirac delta function; ݁ = ௜ܷ,௜  represents the dilation of the solid skeleton;  
ߠ = ݓ௜,௜ represents the volume of fluid injected into a unit volume bulk material; ߪ௜,௝ is the stresses 
in the bulk porous medium; and ݌௙ is the pore pressure. 
The displacement amplitudes at the top and the bottom of a saturated layer can be expressed 
as Eq. (7a) developed based on Eqs. (3), and the external load amplitudes can be expressed as 
Eq. (7b) based on Eqs. (3) and Eqs. (6), by introducing ܳ௫ଵ = −߬௭௫ଵ, ܳ௬ଵ = −߬௭௬ଵ, ܳ௭ଵ = −݅ߪ௭ଵ, 
ܳ௙ଵ = ݅݌௙ଵ, ܳ௫ଶ = −߬௭௫ଶ, ܳ௬ଶ = −߬௭௬ଶ, ܳ௭ଶ = −݅ߪ௭ଶ and ܳ௙ଶ=−݅݌௙ଶ: 
൛ܷ௫ଵ, ܷ௬ଵ, ݅ ௭ܷଵ, ݅ݓ௭ଵ, ܷ௫ଶ, ܷ௬ଶ, ݅ ௭ܷଶ, ݅ݓ௭ଶൟ் = ۲ሼܣ௉ଵ, ܤ௉ଵ, ܣ௉ଶ, ܤ௉ଶ, ܣௌ௏, ܤௌ௏, ܣௌு, ܤௌுሽ், (7a)
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൛ܳ௫ଵ, ܳ௬ଵ, ܳ௭ଵ, ܳ௙ଵ, ܳ௫ଶ, ܳ௬ଶ, ܳ௭ଶ, ܳ௙ଶൟ் = ܁ሼܣ௉ଵ, ܤ௉ଵ, ܣ௉ଶ, ܤ௉ଶ, ܣௌ௏, ܤௌ௏, ܣௌு, ܤௌுሽ், (7b)
where ܷ௫ଵ, ܷ௬ଵ, ௭ܷଵ, ܷ௫ଶ, ܷ௬ଶ and ௭ܷଶ are the solid frame’s displacement amplitudes; ݓ௭ଵ and 
ݓ௭ଶ are the displacement amplitudes of pore fluid with respect to the solid frame; ߬௭௫ଵ, ߬௭௬ଵ, ߪ௭ଵ, 
߬௭௫ଶ , ߬௭௬ଶ  and ߪ௭ଶ  are the total stresses amplitudes; and ݌௙ଵ  and ݌௙ଶ  are the pore pressure 
amplitudes. To achieve symmetry, all vertical components in Eq. (7) are multiplied with ݅ . 
Eliminating the amplitudes ܣ௉ଵ, ܤ௉ଵ, ܣ௉ଶ, ܤ௉ଶ, ܣௌ௏, ܤௌ௏, ܣௌு and ܤௌு in Eq. (7), leads to the 3-D 
dynamic stiffness matrix of the saturated soil layer ܁௉ଵି௉ଶିௌ௏ିௌு௅ . Applying loads at the free 
surface of the saturated half-space, only down-going waves with amplitudes ܤ௉ଵ, ܤ௉ଶ, ܤௌ௏, and 
ܤௌு are developed, as the radiation condition states that no energy propagates from infinity, it 
excludes the up-going waves with ܣ௉ଵ,  ܣ௉ଶ,  ܣௌ௏  and ܣௌு . Therefore, by setting  
ܣ௣ଵ = ܣ௣ଶ = ܣௌ௏ = ܣௌு =0 in Eq. (8) and eliminating ܤ௉ଵ , ܤ௉ଶ , ܤௌ௏  and ܤௌு , the saturated 
half-space matrix ܁௉ଵି௉ଶିௌ௏ିௌுோ  can be obtained. Considering the continuity of displacements and 
equilibrium of stresses and pore pressure at the layer interfaces, the global 3-D stiffness matrix of 
a multi-layered site ܁௉ଵି௉ଶିௌ௏ିௌு are obtained by assembling the layer matrices ܁௉ଵି௉ଶିௌ௏ିௌு௅  
and the half-space stiffness matrix ܁௉ଵି௉ଶିௌ௏ିௌுோ . Once ܁௉ଵି௉ଶିௌ௏ିௌு is obtained, the discretized 
dynamic-equilibrium equation of the layered saturated site can be expressed as:  
܁௉ଵି௉ଶିௌ௏ିௌு܃ = ۿ, (8)
where, ܃  and ۿ  are the vector of the displacement amplitudes and vector of external load 
amplitudes at the interfaces of the saturated layer. 
To obtain free-field responses of the incident Rayleigh waves in a layered half-space, the 
relationship between the apparent velocity ܿ and the frequency ߱ must be established. Using the 
3-D dynamic stiffness matrix of the layered site, the relationship between ܿ  and ߱  can be 
established by setting |܁௉ଵି௉ଶିௌ௏ିௌு| = 0. Newton iteration method can be used to obtain the 
ܿ(߱) for the given ߱. Substituting these values of ܿ(߱) in the global dynamic matrix leads to 
nontrivial solutions for the dynamic-stiffness matrix ܁௉ଵି௉ଶିௌ௏ିௌு , which corresponds to the 
so-called Rayleigh wave modes. Thus, the ratios of displacement amplitudes at the layers’ 
interfaces are obtained. Once the displacements at the interfaces of the layers are obtained, the 
amplitudes of the up-going waves and down-going waves in the layers can be determined using 
Eq. (8a). Then the free-field responses are obtained, which consist of the displacements of the 
solid frame in the ݔ, ݕ and ݖ directions and the displacement of the pore fluid with respect to the 
solid phase ൛܃௫௙(ܵ), ܃௬௙(ܵ), ܃௭௙(ܵ), ܟ௭௙(S)ൟ், and the stresses in the ݔ, ݕ and ݖ directions and 
pore pressure ൛ܜ௫௙(ܵ), ܜ௬௙(ܵ), ܜ௭௙(ܵ), ܜ௣௙(ܵ)ൟ் (Fig. 2). The subscript ‘݂’ indicates the variables 
that represent terms in the free-field responses. 
2.3. Moving Green’s functions and solutions of the scattered wave field 
The Green’s functions used in this paper denote the dynamic responses at any point in the 
free-field system (without the valley) when moving distributed loads in the ݔ, ݕ and ݖ directions and 
the pore pressures acting on an inclined line embedded in the saturated layered half-space (Fig. 3). 
These versions of green’s functions for a layered half-space originate from Wolf [22], which were 
extended to the poroelastic case by Liang et al. [23] and to the 2.5 D form by Ba and Liang [25]. 
Taking the distributed load in the ݔ  direction moving along the ݕ axis as an example, the load 
amplitude in the time and space domain, arising from the value of density ݌௫଴ can be expressed as: 
݌௫(ݔ, ݕ, ݖ, ݐ) = ݌௫଴ߜ(ݖ − ݔtanߠ)ߜ(ݕ − ܿݐ), (9)
where, ߠ (0° < ߠ < 180°) is the angle of the line measured from the horizontal plane and ܿ is the 
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moving velocity. ܿ = ܿோଵ/cos߰  can be obtained from Fig. 1(b) for Rayleigh waves with the 
arriving angle ߰ with respect to the ݕ axis. ܿோଵ is the Rayleigh wave’s velocity of the top soil layer. 
Performing Fourier transforms with respect to the two horizontal coordinates and also with respect 
to time on Eq. (9), the load amplitude in the frequency and wave number domain can be  
expressed as: 
ܲ൫݇௫, ݇௬, ݖ, ߱൯ =
1
(2ߨ)ଷܿ exp(݅݇௫ݖcotߠ)ߜ൫߱ − ݇௬ܿ൯. (10)
 
Fig. 3. Distributed load acting on an inclined line in soil layers  
As only part of the layer is loaded, two additional interfaces are introduced at the top and the 
bottom boundary of the load. First, the layer on which the distributed load acts is fixed at the two 
interfaces, and the corresponding reaction forces ܴ௫ଵ, ܴ௬ଵ, ܴ௭ଵ, ௙ܴଵ at the top interface and ܴ௫ଶ, 
ܴ௬ଶ , ܴ௭ଶ , ௙ܴଶ  at the bottom interface) are calculated to achieve this condition. This way, the 
analysis is restricted to the loaded layer. The directions of these forces are then reversed, and are 
applied as external loads to the total system to determine the global response, and the dynamic 
responses of the total system induced by the external forces can be implemented using the direct 
stiffness method. The total response is finally obtained by adding the results of analysis of the 
fixed layer of the reaction forces (Fig. 3). 
It should be noted that the above calculations are performed in the frequency and wave number 
domain, and the Green’s functions in the time and space domain can be obtained using inverse 
Fourier transformation given by Eq. (11): 
݂(ݔ, ݕ, ݖ, ݓ) = න න ܨ൫݇௫, ݇௬, ݖ, ߱൯
ஶ
ିஶ
ஶ
ିஶ
ߜ൫߱ − ݇௬ܿ൯exp൫−݅݇௫ݔ − ݅݇௬ݔ൯݀݇௫݀݇௫݀߱ 
      = න ܨ൫݇௫, ݇′௬, ݖ, ߱൯exp(−݅݇௫ݔ)݀݇௫,
ஶ
ିஶ
 
(11)
where ݇௬ᇱ = ߱/ܿ , ܨ൫݇௫, ݇௬, ݖ, ߱൯ is the dynamic response in the frequency and wave number 
domain, and  ݂(ݔ, ݕ, ݖ, ݓ) is the response in the frequency and space domain. 
Using the Green’s functions described above, the scattered wave fields outside and inside of 
the valley are simulated by two sets of moving Green’s functions for the layered half space and 
for the valley, respectively. Therefore, when the free surface is drained (permeable), the 
displacements and stresses at the interface of the valley ܵ arising from the scattered wave fields 
outside and inside of the valley can be expressed as: 
൛܃௫௚௅ (ܵ), ܃௬௚௅ (ܵ), ܃௭௚௅ (ܵ)ൟ் = ሾ݃௨௅(ܵ)ሿ൛ܘ௫ଵ , ܘ௬ଵ , ܘ௭ଵ , ܘ௙ଵൟ்,
ቄܜ௫௚௅ (ܵ), ܜ௬௚௅ (ܵ), ܜ௭௚௅ (ܵ)，ܜ௣௚௅ (ܵ)ቅ
்
= ሾ݃௧௅(ܵ)ሿ൛ܘ  ௫ଵ , ܘ  ௬ଵ , ܘ  ௭ଵ , ܘ௙ଵൟ், 
൛܃௫௚௏ (ܵ), ܃௬௚௏ (ܵ), ܃௭௚௏ (ܵ)ൟ் = ሾ݃௨௏(ܵ)ሿ൛ܘ௫ଶ , ܘ௬ଶ , ܘ௭ଶ , ܘ௙ଶൟ்,
൛ܜ௫௚௏ (ܵ), ܜ௬௚௏ (ܵ), ܜ௭௚௏ (ܵ), ܜ௣௚௏ (ܵ)ൟ் = ሾ݃௧௏(ܵ)ሿ൛ܘ  ௫ଶ , ܘ௬ଶ , ܘ௭ଶ , ܘ௙ଶൟ்,
(12)
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where ሾ݃௨௅(ܵ)ሿ and ሾ݃௧௅(ܵ)ሿ are the displacements and stresses Green’s functions for the layered 
half-space with a drained free surface, and ሾ݃௨௏(ܵ)ሿ  and ሾ݃௧௏(ܵ)ሿ  are the displacements and 
stresses Green’s functions for the valley. In Eq. (12), the subscript ‘݃’ indicates results attributable 
to the moving distributed loads and pore pressures, while the superscripts ‘ܮ’ and ‘ܸ’ denote 
parameters associated with the layered half-space and with the valley, respectively. 
൛ܘ  ௫ଵ , ܘ  ௬ଵ , ܘ  ௭ଵ , ܘ௙ଵൟ்  and ൛ܘ  ௫ଶ , ܘ  ௬ଶ , ܘ  ௭ଶ , ܘ௙ଶൟ்  are the load and pore pressure amplitude 
vectors acting on the interface ܵ to calculate the green’s functions for layered half-space and for 
the valley, respectively. 
Similarly, when the free surface is undrained (impermeable), the displacements and stresses at 
the interface of the valley ܵ arising from the scattered wave fields outside and inside of the valley 
can be expressed as: 
൛܃௫௚௅ (ܵ), ܃௬௚௅ (ܵ), ܃௭௚௅ (ܵ)ൟ் = ሾ݃௨௨௅ (ܵ)ሿ൛ܘ௫ଵ , ܘ௬ଵ , ܘ௭ଵ , ܘ௙ଵൟ்,
൛ܜ௫௚௅ (ܵ), ܜ௬௚௅ (ܵ), ܜ௭௚௅ (ܵ), ܟ௭௚௅ (ܵ)ൟ் = ሾ݃௨௧௅ (ܵ)ሿ൛ܘ௫ଵ , ܘ௬ଵ , ܘ௭ଵ , ܘ௙ଵൟ்,
൛܃௫௚௏ (ܵ), ܃௬௚௏ (ܵ), ܃௭௚௏ (ܵ)ൟ் = ሾ݃௨௨௏ (ܵ)ሿ൛ܘ௫ଶ , ܘ௬ଶ , ܘ௭ଶ , ܘ௙ଶൟ்,
൛ܜ௫௚௏ (ܵ), ܜ௬௚௏ (ܵ), ܜ௭௚௏ (ܵ), ܟ௭௚௏ (ܵ)ൟ் = ሾ݃௨௧௏ (ܵ)ሿ൛ܘ௫ଶ , ܘ௬ଶ , ܘ௭ଶ , ܘ௙ଶൟ்,
(13)
where, ሾ݃௨௨௅ (ܵ)ሿ, ሾ݃௨௧௅ (ܵ)ሿ, ሾ݃௨௨௏ (ܵ)ሿ and ሾ݃௨௧௏ (ܵ)ሿ  are the displacements and stresses Green’s 
functions for the layered half-space and for the valley with an undrained free surface, respectively.  
2.4. Boundary conditions 
If the free surface of the layered half-space and the interface of the valley have a drained 
boundary condition, the boundary conditions at the valley interface ܵ can be expressed as: 
නሾܹ(ݏ)ሿ
௦
்
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ۈ
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ۏ
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(14)
where, ሾܹ(ݏ)ሿ is the weighting function. If ሾܹ(ݏ)ሿ takes the value 1 in a single element and zero 
in all the others, the integral can be evaluated over each element separately. Substituting Eq. (12) 
into Eq. (14) results in: 
ൣ ௣ܶ௅൧൛ܘ௫ଵ, ܘ௬ଵ, ܘ௭ଵ, ܘ௙ଵൟ் + ൣ ௙ܶ൧ = ൣ ௣ܶ௏൧൛ܘ௫ଶ, ܘ௬ଶ, ܘ௭ଶ, ܘ௙ଶൟ்,
ൣ ௣ܸ௅൧൛ܘ௫ଵ, ܘ௬ଵ, ܘ௭ଵ, ܘ௙ଵൟ் + ൣ ௙ܸ൧ = ൣ ௣ܸ௏൧൛ܘ௫ଶ, ܘ௬ଶ, ܘ௭ଶ, ܘ௙ଶൟ்,
(15)
where: 
ൣ ௣ܶ௅൧ = නሾܹ(ݏ)ሿ்
௦
ሾ݃௧௅(ݏ)ሿ݀ݏ, ൣ ௣ܶ௏൧ = නሾܹ(ݏ)ሿ்
௦
ሾ݃௧௏(ݏ)ሿ݀ݏ,
ൣ ௙ܶ൧ = නሾܹ(ݏ)ሿ்
௦
ൣݐ௙(ݏ)൧݀ݏ,   ൣ ௣ܸ௅൧ = නሾܹ(ݏ)ሿ்
௦
ሾ݃௨௅(ݏ)ሿ݀ݏ, 
ൣ ௣ܸ௏൧ = නሾܹ(ݏ)ሿ்
௦
ሾ݃௨௏(ݏ)ሿ݀ݏ, ൣ ௙ܸ൧ = නሾܹ(ݏ)ሿ்
௦
ൣݒ௙(ݏ)൧݀ݏ.
(16)
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Combining the solutions of Eqs. (15) and (12), the displacements and stresses outside of the 
valley will be: 
ቐ
ܷ௫(ݔ, ݕ, ݖ)
ܷ௬(ݔ, ݕ, ݖ)
௭ܷ(ݔ, ݕ, ݖ)
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ܘ௫ଵ
ܘ௬ଵ
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ܘ௙ଵ
൪
்
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ܘ௭ଵ
ܘ௙ଵ
൪
்
,
(17)
and the displacements and the stresses inside of the valley will be: 
ቐ
ܷ௫(ݔ, ݕ, ݖ)
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ܘ௫ଶ
ܘ௬ଶ
ܘ௭ଶ
ܘ௙ଶ
൪
்
. (18)
If the free surface of the layered half-space and the interface of the valley are both impermeable 
(undrained boundary), the boundary conditions are: continuity of the displacements of soil frame, 
equilibrium of the stresses, and zero flow through the interface of the valley. Similar to the 
calculation process described above for the drained boundary case, the responses outside and 
inside of the valley can be obtained for the undrained boundary case. 
 
Fig. 4. Surface displacement amplitudes compared with those of Dravinski and Mossessian [7] 
3. Verification of the method 
The present method can be reduced to a 2-D problem in an elastic medium when the incident 
angle ߰ = 90° and the saturated parameters ߩ௙, ܯ, ݉, ߙ and ܾ are set as small values (i.e., 10-3). 
The 2-D results of Rayleigh waves for a semi-circular valley embedded in a uniform elastic half-
space provided by Dravinski and Mossessian [7] are used for comparison. The parameters used in 
the analysis are as follows: Poisson’s ratios of both the valley and the half-space are  
ߥ = 1/3, damping ratio is ߞ = 0.005, the shear wave velocity ratio of the valley to the half-space 
is ܿ௦௏ ܿ௦ு⁄ = 0.5, the mass density ratio is ߩ௦௏ ߩ௦ு⁄ = 2/3 (note that the superscript ‘ܸ’ represents the 
valley and ‘ܪ’ represents the half-space). The incident frequency ߟ = 0.5 and 1.0 are defined as 
ߟ = ߱ܽ/ߨܿ௦ு, where, ܽ is the radius of the valley. Fig. 4 shows that the results from the analysis 
are in good agreement with those provided by Dravinski and Mossessian [7]. 
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4. Numerical results and discussion 
4.1. Responses of a valley in a uniform half-space 
A semi-circular saturated valley embedded in a uniform fluid-saturated half-space is first 
analyzed for both drained and undrained boundary conditions. The material parameters of the 
half-space and of the valley are presented in Table 1 for the case of ݊ = 0.3. The internal friction 
due to relative motion between the solid frame and the pore fluid is not considered in this analysis 
(i.e. ܾ = 0). The dimensionless incident frequency is defined as ߟ = ߱ܽ/(ߨඥܩ/ߩ), where ܩ and 
ߩ are shear modulus and total density of the saturated half-space, respectively, and ܽ is the radius 
of the valley. Fig. 5 presents the amplitudes of the surface displacement for dimensionless incident 
frequencies ߟ = 1.0 and 2.0, incident angles ߰ = 30°, 60° and 90°. The solid frame displacement 
amplitudes in the ݔ,  ݕ  and ݖ  directions are defined as | ഥܷ௫| = หܷ௫/(ܷ௫଴ + ܷ௬଴)ห,  
ห ഥܷ௬ห = หܷ௬/( ௫ܷ଴ + ܷ௬଴)ห  and | ഥܷ௭| = ห ௭ܷ/(ܷ௫଴ + ܷ௬଴)ห, where ܷ௫଴  and ܷ௬଴  are the two free-
field horizontal displacements of the obliquely incident Rayleigh waves. 
Table 1. Parameters for the saturated valley and the saturated half-space 
 ݊ ܩ (Pa) ܯ (Pa) ݉ (Pa) ߩ௦ (kg/m3) ߩ௙ (kg/m3) ߥ ߙ 
Half-space 0.1 156.33E8 182.16E8 55000 2650 1000 0.25 0.2762 0.3 37E8 60.72E8 7222 2650 1000 0.25 0.8287 
Alluvial valley 0.1 39.08E8 143.71E8 55000 2650 1000 0.25 0.2762 0.3 9.25E8 47.92E8 7222 2605 1000 0.25 0.8287 
Fig. 5 indicates that the presence of the saturated valley can cause very large amplification of 
the surface ground motion locally, which is strongly dependent upon the incident angles and the 
drainage condition. The repeated interference of the transmitted waves in the saturated valley leads 
to a large amplification on the surface of the valley. The relatively shorter wavelengths in the 
valley made the amplitude oscillations on the surface more violent. The displacement amplitudes 
in the left side (i.e., the incident side) of the valley are more complex than those on the right side 
because of the filtering effect of the valley. 
The results in Fig. 5 also show that the 3-D responses (i.e., for ߰ ≠ 90°) are different from the 
2-D case (i.e., for ߰ = 90°). These results indicate that the obliquely incident wave fields cannot 
be simply decomposed into in-plane wave fields and anti-plane wave fields, and then be calculated 
as the total in-plane and anti-plane responses. As the incident angle increased, the displacement 
amplitudes in the ݔ direction increased gradually, while the displacement amplitudes in the ݕ 
direction decreased gradually. For the 2-D case (߰ = 90°), only the in-plane displacements 
(displacements in the ݔ and ݖ directions) are present. The drainage condition also has a significant 
effect on the surface displacement amplitudes, and the amplitudes are larger and more complex 
for the undrained boundary condition than those for the drained case. The reason for this 
phenomenon can be attributed to a stronger ‘encapsulation effect’ in the case of an undrained 
saturated valley. 
Fig. 6 shows the contours of the pore pressure amplitudes in the range of −2ܽ ≤ ݔ ≤ 2ܽ and 
0 ≤ ݖ ≤ 2ܽ  for ߟ = 0.5 and 2.0. The incident angles are ߰ = 30° and 60° and the drainage 
condition is undrained. The calculation model, material parameters, and also the definition of the 
dimensionless frequency used are same as for the results presented in Fig. 5. The dimensionless 
pore pressure amplitudes are defined as ห݌̅௙ห = ห݌௙/(ܩ(ܷ௫଴ + ܷ௬଴))ห. 
It can be seen that larger amplitudes and more violent oscillations of pore pressures are found 
inside the valley compared to those in the outside saturated half-space. The pore pressure 
amplitudes at the right side of the valley are much larger, in contrary to the distribution of the 
displacement amplitudes. As the incident frequency increased, the amplitudes of the pore pressure 
increased significantly and the oscillations became more violent. Fig. 6 also shows that the 
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amplitudes of the pore pressure became larger with increasing incident angle, and increasing 
incident angle increased the differences in pore pressure amplitudes between the left and right side 
of the valley.  
Fig. 7 shows the contours of the amplitudes of the pore pressure in the range of  
−2ܽ ≤ ݔ ≤ 2ܽ and 0 ≤ ݖ ≤ 2ܽ for ߟ = 0.5, with an undrained boundary condition and ߰ = 30° 
and 60°. The material parameters of the saturated half-space and of the saturated valley are 
presented in Table 1 for the case of ݊ = 0.1 and the internal friction is not considered (ܾ = 0). 
Comparisons between the results in Fig. 7 (݊ = 0.3) and results in Fig. 6 (݊ = 0.1) show that 
porosity has significant effect on wave scattering around the valley. As the porosity decreased, the 
pore pressure amplitudes decreased significantly, while the oscillations of the pore pressures 
became more violent. This indicates that less energy is taken up by the pore fluid than by the solid 
frame. The results in Fig. 7 also show that the pore pressure amplitudes become more concentrated 
inside the valley for smaller porosity (i.e. ݊ = 0.1). 
 
 
 
Fig. 5. Surface displacements amplitudes for different obliquely incident angels (݊ = 0.3) 
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Fig. 6. Contours of pore pressure amplitudes around the valley (݊ = 0.3) 
 
Fig. 7. Contours of pore pressure amplitudes around the valley (݊ = 0.1) 
4.2. Responses of a valley in a layered half-space 
A semi-circular valley embedded in a single elastic layer overlying an elastic half-space is 
analyzed considering both drained and undrained boundary conditions. The material parameters 
of the saturated valley are shown in Table 1 for the case of ݊ = 0.3 and material damping ratio of 
5 % is considered in this analysis. The material parameters of the elastic layer are as follows: mass 
density ߩ௅ = 1855 KN/m3, shear modulus ܩ௅ = 3.7 MPa, Poisson’s ratio ݒ௅ = 0.25 and damping 
ratio ߞ௅ = 5 %. The material parameters of the underlying elastic half-space are as follows:  
ߩோ = 1855 KN/m3, shear modulus ratio of the half-space to the layer is ඥܩோ ܩ௅⁄ = 5.0, Poisson’s 
ratio ݒோ = 0.25 and damping ratio ߞோ = 2 %. The thickness of the layer is ܪ ܽ⁄ = 2.0 and the 
incident angle is ߰ = 45°. The dimensionless incident frequency is defined as  
ߟ = ߱ܽ/(ߨඥܩ௅/ߩ௅). Fig. 8 shows the amplitudes of the surface displacement for the first three 
modes of the Rayleigh waves for ߟ = 1.0 and 2.0. The displacement amplitudes in the ݔ, ݕ and ݖ 
directions are defined as | ഥܷ௫| = ห ഥܷ௫/(ܷ௫଴ + ܷ௬଴)ห,  ห ഥܷ௬ห = ห ഥܷ௬/(ܷ௫଴ + ܷ௬଴)ห  and  
| ഥܷ௭| = ห ഥܷ௭/(ܷ௫଴ + ܷ௬଴)ห, where ܷ௫଴ and ܷ௬଴ are the two free-field horizontal displacements of 
the obliquely incident Rayleigh waves in the layered half-space. 
Results presented in Fig. 8 indicate that the surface displacement amplitudes can vary with 
different Rayleigh modes, depending on the dimensionless frequency and drainage conditions. 
Largest vertical displacement amplitudes are found in the third Rayleigh mode with maximum 
vertical displacement amplitudes at 2.2, 2.4 and 9.4, for Rayleigh modes 1, 2 and 3, respectively, 
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for ߟ = 1.0. The largest vertical displacement amplitudes occurred at the second mode for ߟ = 2.0 
with the maximum vertical displacement amplitudes at 2.2, 4.1 and 1.2 for the Rayleigh mode 1, 
2 and 3, respectively, for ߟ = 2.0).  
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Fig. 8. Surface displacement amplitudes for the first three modes (ܩோ/ܩ௅ = 5, ܪ/ܽ = 2.0) 
Fig. 9 shows pore pressure amplitude contours inside of the valley for the first three Rayleigh 
modes, with dimensionless frequency ߟ = 1.0 and 2.0, and incident angle ߰ = 45°. Both the 
drained and undrained boundary conditions are considered in the analysis. The calculation model 
and material parameters are same as those in Fig. 8. The pore pressure amplitudes in Fig. 9 are 
defined as ห݌̅௙ห = ห݌௙/(ܩ௅(ܷ௫଴ + ܷ௬଴))ห. 
Fig. 9 shows that both the values and the spatial distributions of the pore pressure amplitudes 
are different for different Rayleigh modes, depending on the incident frequency, incident angle, 
and the drainage condition. The pore pressure amplitude is largest at the third Rayleigh mode for 
ߟ = 1.0, while it is largest at the second Rayleigh mode for ߟ = 2.0. The oscillations of the pore 
pressure amplitudes are most violent for the first Rayleigh mode, less violent for the second 
Rayleigh mode, and the least violent for the third Rayleigh mode, which may be attributed to the 
faster apparent velocity (corresponding to longer wavelength) for the higher Rayleigh modes 
(Table 2). With increasing incident frequency, the pore pressure amplitudes become larger and the 
spatial distributions become more complex. It can also be seen for Fig. 9 that the drainage 
boundary condition has significant effects on the values and spatial distributions of the pore 
pressure amplitudes and the oscillations are more violent for the undrained boundary condition. 
Fig. 10 shows the amplitudes of the surface displacement and Fig. 11 shows the contours of pore 
pressure amplitudes inside of the valley for the first two Rayleigh modes, illustrating the effects of 
the stiffness of the soil layer. In this results, the same calculation model and the same materials as in 
Fig. 9 are used, except the shear modulus ratio of the half-space to the layer is ܩோ ܩ௅⁄ = 2.0. 
By comparing the results in Fig. 8 and Fig. 9 with Fig. 10 and Fig. 11 for ߟ = 1.0, it can be 
seen that the values and the spatial distributions of displacement (pore pressure) amplitudes are 
similar for the first Rayleigh mode, but are significantly different for the second mode. This is 
because for the scattered Rayleigh waves in a layered site, the resulting responses depend on two 
aspects: (1) the dynamic interaction between the valley and the layered site, and (2) the dispersion 
characteristics of the Rayleigh waves. The large difference in the apparent velocity of the second 
mode (Table 2) leads to the significant difference in the dynamic responses in Figs. 8-9 and in 
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Figs. 10-11, although the dynamic interaction keep invariant for the unchanged thickness of the layer 
(The dynamic interaction is determined by the thickness of the layer for invariant shape of valley). 
 
 
 
 
 
 
Fig. 9. Contours of pore pressure amplitudes for the first three modes (ܩோ/ܩ௅ = 5, ܪ/ܽ = 2.0) 
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Fig. 10. Surface displacement amplitudes for the first two modes (ܩோ ܩ௅⁄ = 52, ܪ ܽ⁄ = 2.0) 
 
 
Fig. 11. Contours of pore pressure amplitudes for the first two modes (ܩோ ܩ௅⁄ = 2, ܪ ܽ⁄ = 2.0) 
Fig. 12 shows the amplitudes of the surface displacement and Fig. 13 shows the contours of 
pore pressure amplitudes inside of the valley for the first three Rayleigh modes, illustrating the 
effects of the soil layer thickness. The same materials and calculation model are used as in Fig. 9, 
except that the thickness of the layer is ܪ ܽ⁄ = 4.0. 
By comparing the results in Fig. 12 and Fig. 13 with results in Fig. 8 and Fig. 9 for ߟ = 2.0, it 
can be seen that the values and spatial distributions of the displacement (pore pressure) amplitudes 
are different for all three modes, which may be attributed to the changed dynamic interaction 
between valley and layered site (due to changes in the thickness of the layer) and also to the 
different values of the apparent velocity for the two layered half-space (Table 2). It can also be 
seen from Fig. 12 and Fig. 13 that the values and spatial distributions of the displacement (pore 
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pressure) amplitudes are very similar for the second and the third modes because of the closer 
apparent velocities of the two modes (Table 2). 
 
 
 
Fig. 12. Surface displacement amplitudes for the first three modes (ܩோ ܩ௅⁄ = 5, ܪ ܽ⁄ = 4.0) 
Table 2. Apparent velocities for the first three Rayleigh modes 
 ܩ
ோ ܩ௅⁄ = 5, ܪ ܽ⁄ = 2 ܩܴ/ܩܮ = 2, ܪ/ܽ = 2 ܩܴ/ܩܮ = 5, ܪ/ܽ = 4 
ߟ = 1.0 ߟ = 2.0 ߟ = 1.0 ߟ = 2.0 
Mode-1 1309.88+67.76݅ 1301.69+64.94݅ 1308.56+67.17݅ 1301.69+64.94݅ 
Mode-2 2226.44+156.01݅ 1511.82+89.30݅ 2085.67+133.77݅ 1431.49+73.30݅ 
Mode-3 3524.38+388.14݅ 2413.09+149.86݅  1517.60+99.14݅ 
For layered half-space of ܩோ ܩ௅⁄ = 2 and ܪ/ܽ = 2, there are no higher modes than the second mode at 
the frequency ߟ = 1.0 
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Fig. 13. Contours of pore pressure amplitudes for the first three modes (ܩோ ܩ௅⁄ = 5, ܪ ܽ⁄ = 4.0)  
5. Conclusions 
The 3-D scattering of obliquely incident Rayleigh waves by a saturated alluvial valley 
embedded in a layered half-space is studied using the indirect element method in the frequency 
domain. Results from the analysis indicated that as the porosity decreased, the pore pressure 
amplitude values decreased significantly, while the oscillations became violent. The values and 
spatial distributions of the displacements amplitudes and of the pore pressure varied with the 
Rayleigh modes. The higher Rayleigh modes resulted in longer wavelengths and lead to simpler 
spatial distributions. The responses around the valley are determined by the dynamic interaction 
between valley and layered half-space, and the dispersion characteristics of the Rayleigh waves 
for a given layered half-space. 
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